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Fig. 4 Calculated vortex trajectories in the ground frame of reference.

B-727 aircraft. In the frame of reference moving with the wind,
the wind shear vortices normally move at half the wind speed in
the direction opposite to the wind (i.e., 5 fps to the left in Fig. 3).
The effect of the aircraft vortices on this motion is to speed it up
on the up-wind side and to reverse it on the down-wind side.
The wind shear vortices approaching from the right in Fig. 3
are swept up in the air and eventually induce the down-wind
vortex to reverse its downward motion and move back up. After
60 sec, this vortex has captured wind shear vorticity of equal
magnitude to its own and is moving upward at a speed com-
parable to its initial downward motion. The up-wind vortex,
on the contrary, finds itself isolated from wind shear vorticity
and therefore is influenced only by its image vortex. These
motions are shown in Fig. 4 in the ground frame of reference.
For comparison, the trajectories for a uniform wind are also
shown. The trajectory of the up wind vortex is almost the same
for the two cases, as one might expect.

Although the model used here is crude, it gives a qualitative
description of the observed difference in the motion of the two
vortices. The effect is similar to but stronger than that proposed
by Harvey and Perry1 to explain the rising of vortices. It should
be noted that the effect discussed in this note is actually produced
by the vertical gradient in the wind shear rather than by the wind
shear directly. One can easily see that the wind shear vortices
would not affect the aircraft vortex vertical motion at all if they
were uniformly distributed in space.

The phenomenon described in this Note pertains to relatively
low cross winds. Both experimental observations and calcula-
tions indicate that other phenomena occur at much higher cross
wind speeds (e.g. 30 fps instead of the 10 fps considered here).

Reference
1 Harvey, J. K. and Perry, F. J., "Flowfield Produced by Trailing

Vortices in the Vicinity of the Ground," AIAA Journal, Vol. 9, No. 8,
Aug. 1971, pp. 1659-1660.

Three-Dimensional Structure and
Equivalence Rule of Transonic Flows

H. K. CHENG* AND MOHAMMED HAFEZ|
University of Southern California, Los Angeles, Calif.

Fig. 1 Examples of configurations studied.

works2"5 is a field structure composed of two distinct regions:
an inner region similar to that in the classical slender-body
(Jones/Ward/Adams and Sears) theory,6"8 and an axisymmetric
outer region governed by the transonic smalldisturbance equa-
tion. The same field model has been employed recently by
Stahara and Spreiter9 in which configurations of unit-order
aspect ratio were considered.

This Note is concerned with the basic structure of three-
dimensional transonic flows around configurations having finite
(nonvanishing) leading-edge sweep angles. Refer to Fig. 1 for
examples. We should like to point out that, unlike the field model
stipulated in Refs. 2-5 and 9, the inviscid transonic small-
disturbance regime admits three domains, representing different
degrees of asymmetry controlled by the lift. Only in the domain
where the lift contribution is relatively small will the area rule
be applicable and, even in this case, its corrections are not all
together negligible.

Basic to the present study are the parameters A, T, and a
characterizing, respectively, the leading-edge angle of the plan-
form, the configuration thickness ratio, and a degree of asym-
metry associated with the lift or the side force. For the class of
configurations of interest, these parameters may be defined as

where b is the half span, and / an over all length, Smax,the maximum
cross-sectional area and Fmax the maximum integrated lateral
force. For a Concorde-type planform, such as that of a in Fig. 1,
A is comparable to the classical aspect ratio AR = 4b2/ (planform
area). On the other hand, for a swept or yawed wing of high
aspect ratio, such as that of b or c in Fig. 1, A will be very much
smaller than AR. Note that T and a give the thickness ratio and
incidence for the configuration as a whole and may be much
smaller than the corresponding values characterizing a local
wing section. The frame work of our analysis is then defined
by

|M„ - 1| « 1, T « 1, a « 1, A = 0(1) (2)

So long as A = 0(1), the theory admits low as well as high aspect
ratio wings. We assume in the following a steady flow of a
calorically perfect gas with a uniform freestream. The pertur-
bation field in this problem can be described by a potential,
subject to a relative error comparable to the square of the
perturbation velocity.

Introduction

FOR smooth configurations of very low aspect ratio, a theo-
retical basis of Whitcomb's transonic area rule1 has been

established by Oswatish and Keune2 and Guderley3 for the
nonlifting case, and by Cole and Messiter4 and Ashley and
Landahl5 for the more general case with lift. Basic to the cited
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The Inner flow Region

Let x, y, and z be the Cartesian coordinates with the x axis
running parallel to the freestream (occasionally, we may refer
y as x2, and z as x3). To render the analysis more definite, the
solution for the perturbation velocity potential will be written
in ascending order of T and a as (for the inner region)

(p/Ub = i • Ins • g(x) + T<pt + f + ... (3)

where the logarithm of a small parameter s is anticipated to
arise from the matching with the outer solution and will be
determined in the course of the analysis. The set of reduced
variables which will remain at unit order in the inner region
consists of x = x/l, y — y/b, z = z/b, g, <pn cpy, S = S/M and
J. = Fj/ap^U^2, with j = 2 or 3. In terms of these reduced
variables, the partial differential equation governing the inner
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solution can be simplified under the condition of Eq. (2), dropping
tildas, to

[(0 W) + (d2/^2)] fa, 9.) = 0 (4)

for an arbitrary g(x). The solutions sought are finite and acyclic,
uniquely determined by the impermeable body surface condition
and the vanishing of the transverse velocity at r2 = y2 -f z2 -» oo.
The remainder in (pT and <pa so determined can be estimated
from the contribution of the nonlinear and linear terms omitted
from Eq. (4) to be at most (for r ̂  oo)

R = 0{(r In s + «)[(T In s + a)A + [M^ - 1|]A2 } (5)
The point of departure of the subsequent development is

given by the behavior of (p/Ub at large r, which may be written,
after making use of the body surface condition, as
q>/Ub ~ T In eg(x) + tC^x) + T(S'(x)/2u) hi r + (b)[«/Xx)

-TW^CVfl/XcoVr (6)
where //co) are cos co and sin a> for j = 2 and 3, respectively,
x/s are the coordinates of the cross-sectional centroid in the
transverse plane (divided by b\ and the repeated index j signifies
summation over j = 2 and 3. The third and fourth terms on
the right hand side of Eq. (6) give the equivalent source and
doublet distributions; the latters' strengths are completely
determined as in the slender-body theory once the configuration
geometry is specified. Equation (6), hence also the linear inner
solution itself, fails as a valid approximation for an unbounded r,
as will be presently shown. It is expedient to point out at this
juncture that subsequent matching of the inner and outer
solutions will confirm the relations

g(x) = S'(x)/2n, s = b/br (7)
where b' is the proper length scale for 3; and z of the outer region.
The relations in Eq. (7) are in fact the same as those in the
subsonic and supersonic slender-body theories.5'7

Nonlinear Outer Region: Three Domains

The fuller equation governing the perturbation potential,
without nondimensionalization, is
<Pyy + <P« = KM* - 1) + (y + l)Mi(px/U](pxx + 0((px<pyy/U, etc.)

(8)
The group of nonlinear terms not fully written out belong to an
order (px/U higher than the terms on the left. The first two terms
on the right cannot be neglected at large r and are the principal
ingredients of the transonic small-disturbance theory. Consider
first the situation wherein the outer limit Eq. (6) is dominated by
the thickness, or at least the thickness is as important as the lift
and side forces. This requires a = 0[rrln(er)] or smaller, anti-
cipating the universal forms of g(x) and s. We may then estimate
<p from Eq. (6) at large r as (p/Ub — O[T In (er)]. With this, we
may then estimate the size of the two terms associated with (p^
in Eq. (8) for large r, and arrive after quadrature at the error
estimate for the inner solution to (p/Ub at large r:

R = 0[(Af J, - l)U2r2 + (y + 1)M^T2A3 In2(er)] (9)
Comparing R with (p/Ub, and recalling s = b/b', we identify the
region of nonuniformity of the inner solution (which is to be
the nonlinear transonic region) at

r = qp/b) = ORl/TA3)1'2] (10)
where (p/Ub — O(T), provided

K s (Ml - l)/TAAf i(y + 1) = 0(1) (11)
Obviously, K is the generalized transonic parameter for A = 0(1).
With Eq. (10) giving the scale factor b'/b for the new region,
the requirement for thickness dominance in the nonlinear region
[a « ir ln(er)], referring to Eq. (6), becomes

<7 = [a/(r)1/2]A3/2 « 1 (12)
Next, we consider the other alternative wherein the lift

dominates over, or is at least as contributive as, the thickness

for some large r. This requires ir In sr = 0(a) or smaller, accord-
ing to Eq. (6). The perturbation potential may in this case be
estimated from Eq. (6) for such a large r as (p/Ub = 0(a/r).
The order of the error of the inner solution to (p/Ub at large r
may then be determined in the same manner as in the preceeding
case as

K = 0[(Mi - I)oa2r + (y + l)M^a2A3] (13)
Comparison of R with (p/Ub locates the nonuniformity region
in this case at

r = Q(b'/b) = 0(l/a/l3) (14)
where (p/Ub = 0(<x2^3), provided

K/a2 = 0(1) (15)
The requirement for the lift dominance in the nonlinear

region [i.e., ir ln(er) « a] now becomes
a » 1 (16)

The foregoing examination has uncovered three domains of
the transonic small disturbance regime for A = 0(1) controlled
by the ratio aA3/(U3)1/2, i.e, by a = aA3/2T~1/2,

a) <7« 1, (thickness dominated)
b) a = 0(1), (intermediate)
c) a » 1, (lift dominated)

The governing P.D.E. in the outer nonlinear region for each
domain is readily obtained after recalling r and (p with the
scale factors appropriate to the domain considered.

The Nonlinear Outer Region: Governing Equations

For quite obvious reason, we shall employ the cylindrical
polar coordinates for the outer solution. The set of proper
scales and new variables for the domain a « 1 is xf = x/l9
rj = r{tA3M2(y + i)}lf2/b, co = the azimuthal angle, and <1> =
(p/iUb. The corresponding quantities appropriate to the domain
a » 1 are *' = x/l, C = raA3M2

0(y + l)/b, co and O = <p/a2!3M2

(y + l)Ub. For the (intermediate) domain a = 0(1) either set
will suffice.

In the domains a « 1 and o = 0(1), the'reduced P.D.E. for
the outer region, dropping the prime in x, is

-(K + $x^xx + UA/X^A + (i/n2W™ = o (I?)
of which the relative error is 0(rA). Note that the factor M^(y + 1)
has been absorbed into the scales of r\ and $. As in the plane
and axisymmetric cases,10'11 the conservation form of the P.D.E.,
obtained readily from Eq. (17) after multiplying both sides by
77, admits weak solutions with shock discontinuity surfaces
satisfying Rankine-Hugoniot relations subject to a relative error
of 0(iA). In the far field (excluding the vicinity of the axis), we
demand

In approaching the axis (rj -> 0), we require # to match the outer
limit of the inner solution Eq. (6). The matching determines
C1(x),e and g(x) of Eq. (6), and verifies the anticipated relations
Eq. (7). As far as the determination of the outer solution is
concerned, we only need from Eq. (6) the normal derivative
of (p in terms of the outer variables x, q, co and $ near the inner
limit r\ -» 0 (omitting terms of order S2rj In rj and a2 In rf)

- dS/dx -
(source)

- AUy + 1)1/2 '{afj - (^^(d/dx^XjS^coVr, (19)
(doublet)

Equations (17-19) specify the solution $ in the nonlinear outer
region [for a = 0(1) or smaller]; all variables as well as para-
meters, except the variables x and Y\ in the inner and outer limits
(18) and (19), belong to unit order under the condition Eq. (2).

In terms of the second set of variables cited, we arrive at the
system of reduced equations corresponding to Eqs. (17-19) for
the domain a » 1. This equation system is omitted here to
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conserve space. In either system, one can clearly see that the
configuration geometry and lift control the outer nonlinear
region only through the source and doublet distributions at
the axis, in the manner described by Eq. (19). In particular,
the degree of asymmetry of the outer flow is controlled primarily
by <j. In the domain a « 1, the solution to Eqs. (19-21) appro-
aches an axisymmetric one, bearing out the area rule; but the
lift and other asymmetry effects being of the orders a = od3/2T~1/2

and (U3)1/2, are not all together negligible for A = 0(1) ^ 0
[refer to Eq. (19)]. It is of interest to note from Eq. (19) that
even at zero lift, there is a correction proportional to (-d,3)1/2

(d/dx)(XjS\ which is numerically small for most configurations
but is appreciable for planforms without bilateral symmetry,
such as example c in Fig. I.12

Equivalence Rule and Similitude

Inspection of Eqs. (17-19) for a ^ 0(1) and the corresponding
system for a » 1 reveals that the similarity parameters, in
addition to K, are MJy + l)1/2<7 and M^ {(y + I)?!3}1/2. The
more important features of the similitude are the equivalence
rule implied by Eq. (19) and the corresponding equation for
a » 1. In terms of the variables x, rj, co and #, the nonlinear
field structure as well as the far-field pattern are invariant so
long as K is fixed and the equivalent source and doublet dis-
tributions, i.e.,

dS/dx and M^y-^lY'^afj-^^d/dx^XjS)} (20)
remain the same. This rule requires the same cross-sectional
area distribution; the same lateral force distribution is, however,
not strictly required when a and (T/13)1/2 are comparable.

Remarks

The frame work of the study outlined above may be defined,
instead of Eq. (2), by (M^ - 1| « 1, (U3)1/2 « 1 and od3 « 1.
This may be compared with the requirements in a formula-
tion by Cole13 for a class of high aspect ratio wings, namely
[Moo- 1| « 1, T « 1, -d3 = 0(1) = od3. Therefore, the present

formulation, together with Cole's, encompasses the whole range
of L However, like the classical slender-body theory6"8 the
present formulation is not directly applicable to rectangular
planforms, the vicinity of the straight trailing edge of a flat-plate
triangular wing, as well as the neighborhood of any station
containing a slope discontinuity in the surface or planform.
A fuller development of the theory, with supporting numerical
analyses, will appear in subsequent papers. The relations of the
present research to other transonic studies (flowfield computa-
tion, far-field analysis, critical-wing design, etc.) are discussed in
Ref. 14. .
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Cooled Supersonic Turbulent Boundary
Layer Separated by a Forward

Facing Step
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Nomenclature
Cf = skin-friction coefficient
Cp = pressure coefficient
Cp = free interaction parameter, Cp = C/0

1/2(Mg - 1)~1/4

h = step height
M = Mach number
p = pressure
Re = Reynolds number
T = temperature
x = coordinate axis aligned with flow direction, with origin at the step
-Ajc = x distance measured from the beginning of the interaction
6 = boundary-layer thickness
Subscripts
o = undisturbed flow just upstream of the interaction
p = conditions at the plateau, .or first peak in the static pressure

distribution
r = conditions corresponding to recovery temperature
w = conditions at the wall

T HE objective of the present study was to investigate the
effect of wall cooling on separation of a turbulent boundary

layer by a forward-facing step in supersonic flow.

Experimental Apparatus and Technique
Experiments were conducted on the nozzle wall of the 3 x 3

in. supersonic wind tunnel of the UCLA Aerodynamics Labora-
tory, at a nomical Mach number of 2.9. The nozzle block on that
side was water-cooled over its entire length. A water-cooled
brass model which included an adjustable step formed one of the
test section walls.

Model static pressures were measured at 30 locations with the
aid of two Scanivalves and a 0-5 psid transducer. Model and
nozzle block temperatures were sensed at 13 locations by iron-
constantan thermocouples.

Pitot pressure and stagnation temperature surveys of the un-
disturbed boundary layer on the test section wall were conducted
at several locations, for each test condition. Displacement thick-
nesses were consistent with the assumption that transition
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